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ABSTRACT

In this paper we characterize the exceptional theta lifting from G5 to
C3 by means of the existence of the simple pole at s = 1 of the spin
L-function for GSp3 and by means of the nonvanishing of certain period
on GSp3. Among other results, we also prove the lifting from G2 to C3
is functorial at local unramified places.

1. Introduction

In the modern theory of automorphic forms, one of the basic problems is to study
various relations of antomorphic representations of different groups. Langlands’
principle of functoriality asserts the relation (functorial lifting) of automorphic
representations measured by relevant L-functions. However, there are many ex-
amples of liftings which are not functorial in the sense of Langlands. It seems
also important to measure those non-functorial liftings. It is well known that
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the Arthur-Selberg trace formula method is a general approach to establish en-
doscopy (and/or the twisted version) liftings of automorphic representations. By
contrast, the relative trace formula method which was initiated by Jacquet pro-
vides an alternative way to establish various different liftings of automorphic
representations of particular types, which are usually characterized by means of
periods. From this point of view, it is fundamental to study various models of
a given automorphic representation and model-comparison relations of automor-
phic representations under a given lifting.

In this paper, we shall illustrate this idea by studying the theta correspon-
dences between automorphic representations of G2(A) and those of GSps(A)
and studying the parabolic-induction from GSps(A) to F4(A). We remark that
the liftings from G2 to GSps and from GSp; to Fy are known or proved in this
paper to be functorial, but the lifting from GSps to G2 is not functorial.

The theta liftings between automorphic representations of Go(A) and GSp;(A)
are constructed concretely by using the automorphic theta representation O¢g, .
Some fundamental work related to such liftings has been done globally in [GRS1]
and [GRS2], and locally in [MS] and [L]. The lifting given by the parabolic induc-
tion from GSp3(A) to F4(A) is basically the correspondence from the cuspidal
data (GSpj;,7) to a certain residual representation of Fy. The basic results of
this paper are the identities which relate certain models of a cuspidal represen-
tation of G2(A) to certain models of a cuspidal representation of GSp3(A) in
the correspondence between G2 and GSp3 (Theorem 3.2 and 3.4), and relate the
‘outer’ period of the residual representation of Fy to the ‘inner’ period of the
cuspidal data (GSps,7) (Theorem 4.1). As a consequence of Theorem 3.4, the
local functoriality at unramified places of the lifting from G to GSp3 (Theorem
3.5) is proved in general, which was proved in [MS] under the assumption that
the relevant representations are tempered. Moreover, the following is the main
result of this paper (Theorem 3.6).

THEOREM 1.1 (Main): Let m be an irreducible generic cuspidal automorphic
representation of GSps(A) with trivial central character. Then the following
three statements are equivalent:
(1) =cC @g%’;’ *(o) for some irreducible generic cuspidal automorphic represen-
tation o of G2(A).
(2) The partial spin L-function L5(m,Spin(7),s) (see (3.12) or [BG] for a
definition) has a simple pole at s = 1.
(3) The period $OL% @i¥m, (g) is nonzero for some ¢ € .

The notations used here will be explained in §3. The analogy of the main result
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for the lifting from PGL(3) to G is stated as Theorem 3.7 without proof. It is
expected that by the argument of [Jngl], the reductive periods in Theorem 4.1
should be related to the residual at s = 1 of the spin L-function L(=, Spin(7), s).
Moreover, by using the nonsplit forms of Spin(8), these periods should be related
to those studied by Gross and Savin in [GS] to construct the motives with G as
motivic Galois group.

The paper is organized as follows. We recall briefly in §2 the basics of the
automorphic theta representation of GE7 from [GRS1], [GRS2], and [Gur]. In
§3, we first prove the cuspidality of theta lifting from GSp;3 to G (Theorem 3.1).
We only give a sketch of the proof, since it is basically the same proof as that for
Theorem 3.2 in [GRS2]. Then we prove the model-comparison identities for the
theta correspondence between G5 and GSps (Theorems 3.2 and 3.4) and prove
the main result (Theorem 3.6). The main result in §4 is Theorem 4.1, which
gives the model-comparison identity for the parabolic-induction from GSp;z to
Fy. The proof of Theorem 4.1 is given under assumption 4.1. More details about
the assumption will be given near the end of §4. The proof of the convergence of
integrals involved in §4.4 should follow from the same discussion as that given in

[Jng].

Notations: We use the standard notations in this paper. The only thing we
would like to point out is that for a split algebraic group of type X, X, denotes
the group with rank r, and for a classical group, we use notation Sps = Sp(6), for
instance, to indicate the rank of the group and the size of the matrices realizing
the group, respectively.

2. Automorphic theta representation of GE;

We use standard notations for algebraic groups following [B]. The exceptional
group E7 has the following Dynkin diagram:

ay —— Q3 —— Q4 —— Qa5 —— Qg —— Q7

Qs

where a1, 0z,...,a7 are the simple roots of E;. For each o; (1 = 1,2,...,7),
there is a well defined embedding from the group SL(2) to the split group E7,
t 0
0 t1
The maximal split torus of E; generated by h;(¢;) (: = 1,2,...,7) is denoted by

which takes torus elements in SL(2) to torus elements h;(t) in E7.
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T, ie.

7
T ={h(t,...,ts) = Hhi(t'i) | t: € F*}.
i=1

Let GE; denote the similitude group of the exceptional group of type E7. One
can define GE7 by embedding E; into Eg, so that the similitude element of GE;
is given by a one-dimensional torus in Eg which acts linearly on the root subgroup
attached to oy and trivially on the root subgroup attached to any other simple
root. This distinguished one-dimensional torus is denoted by hg(tg). Hence the
maximal split torus of GEy; is of dimension eight and its elements are expressed
as:

8
h(t1,...,ts) = Hh,-(t,-), t; € F*.
i=1

Ifa= Z;;l n;q;, we shall denote the root a simply by a = (nina---ny). We
denote by z, the one-parameter additive subgroup attached to the root a. We
denote by w; the Weyl group element representing the simple reflection with
respect to the simple root o; and we denote wlijk---1] = w,wjwg ---w;. The
basic properties for GE; may be found in [G1] and [Gur].

In the papers [GRS1] and {GRS2] the definition and basic properties of the
automorphic theta representation on simply laced, split groups were studied.
The extension of these results to GE7 was done in [Gur]. In the following we
recall some basic facts on the automorphic theta representation of GE7 from
[Gur].

Let P(E¢) = M(Eg)V(") denote the parabolic subgroup of GE7 whose Levi
part M (FEg) contains the group Eg and V(7) is abelian consisting of all the positive
roots o = ZZ=1 n;a; with n7 = 1. As usual, to any section f, in the (normalized)

induced representation [ ndgfééﬁ)A) (63(k,)) We attach an Eisenstein series

E(g,s) = > fs(v9),
YEP(Eo)(F)\GE: (F)

which converges absolutely for Re(s) large and has a meromorphic continuation
to C.

ProposITION 2.1 ([GRS1],[GRS2] and [Gur]): The Eisenstein series E(g, s) has
the following properties:
(1) E(g,s) has at most a simple pole at s = 5/18 and the residue can be
achieved by the spherical section.
(2) The residue res,—5/18E(g, s) is square-integrable.
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(3) The irreducible component ©gg, of res,—s/13E(g,s) generated by the
spherical section is called the automorphic theta representation of GE7.
Any automorphic function in ©¢gg,, which is denoted by 04e,, has the
following Fourier expansion:

(7)
(2.1)  Oge,(9) =0y, (9)+ > 835" (19),
YEStabr(gg) (¥y, (1) \M(Ee)(F)

where the constant term 0967 (g) is given by

(7)
o5 (0) = | By )
VO ENVO ()

and the non-trivial Fourier coefficient 6 e‘;( '(g) is given by
g &

1/’
" (o) = [ Byen (09 by ()
VO NV ()
The unitary additive character ¢y of VO (F)\V(" is defined by

Py (v) = Py (Lo, (1)0") = to(r)

if one writes a general element v € V(") in the form v = z,, (r)v’ (this is
well defined since V{7 is abelian ), where g is a non-trivial unitary additive
character of A/F.

(4) Forallr € Stabps(g,) (v )(A), the non-trivial Fourier coefficient Oge‘;(” (9)
has the property that

'/»' !/J
(2.2) 058, " (rg) = 048, (9).

It is remarkable that the Fourier expansion of fgg,(g) in (2.1), which reflects
the minimality of the representation, is crucial in various applications of auto-
morphic theta representations. The following is another useful Fourier expansion
for the automorphic theta function 6y, (§4.7 in [Gur]), which is over the maxi-
mal unipotent radical V1), where P(Dg) = M(Dg)V (1) is the maximal parabolic
subgroup with the Levi subgroup M (Ds) containing SO(12). Note that Ogg,
can also be realized as the unramified irreducible constituent of the residue at
s = 11/34 of the Eisenstein series associated to sections in the normalized in-

duced representation Ind Pﬁ;“;? ) (Jf,( De))' Since V(Y is of Heisenberg type with



34 D. GINZBURG AND D. JIANG Isr. J. Math.

center R = {Z9234321(r)}, we have
(2.3)
ev(l)

¥
09e7($2234321(7")9)d7' = Uge, (9) + Z ngvv(l) (v9),
F YEStabu (pg) ¥y (1) \NM(De)(F)

where 9;’5(71 ’ (g) is the constant term along V(! and the non-trivial Fourier coef-
ficient 91;3;“) (g) is defined over VD (F)\V()(A) with the unitary additive char-
acter ¥y attached to oy (see §4.7 of [Gur] for more details). Then for all

r € Stabar(peya) (Yyvm)
(2.4) Bo™ (rg) = 6h% (9).

Following from Theorem 4.6 in [Gur], as representation of M°(Ds), the repre-

sentation @ng‘j generated by the constant term 0;’5(71 ’(g) can be expressed as

follows:

(1) .
(2.5) O%E, IMo(De) = TTivsonz) ® Oso2),

where M (Dg) = GL3-M°(Ds), M°(Dg) ~ SO(12), Trivgo(12) is a representation
of M(Ds) where SO(12) acts trivially, and ©g0(12) is the automorphic theta
representation of SO(12) defined in [GRS1].

3. Correspondences between G; and GSp;

3.1 DUAL PAIR G x GSps IN GE;. It is well known that G; x GSps forms a
reductive dnal pair in GE7. One of the embeddings of G x Sps in E7 was given
explicitly in [GRS2], which gives rise to an embedding of G2 x GSp3 into GE7
by embedding the similitude factor of GSps into GE;:

diag(a,a,a,1,1,1) = h(a™!,a>,a® a®,a°, a’,a’,a%),

where h(t1,t2,t3,14,t5,t6,t7,t3) = H?=1 hi(t;) is a generic element in the maxi-
mal torus of GE;. The embedding of the simple roots of GSp3 are given by (see
p. 459 of [GRS2))

Z100(r) = T1011100(7)Z1111000(7),
(3.1) zo10(7) — Too11110(7)Z0101110(7),

zoo1(r) = Toro1110(T),
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and the simple positive roots a (short) and b (long) of G2 are embedded as (see
p. 545 of [GRS2])

$a(7") = $0100000(T)$0010000(—T)$0000100(7°),

(3.2) zp(r) > Tooo1000(T)-
We call this embedding the G3-embedding of G2 x GSp;3 into GE;. By conju-
gating this embedding by the Weyl element w[342134567432454361] (see p. 111
of [G1]), we obtain another embedding of Gy x GSp; into GE;. The explicit
embedding given below will be used later:

Z100{T) +* Zo100000(7)Zoo00001{—T),
(3.3) To10(T) — Zooo1000(7)Tooo0010(—7),

37001(7") — Zoo00100(T),

and the simple roots of G are embedded as (see p. 545 of [GRS2])

Za(r) = Zo111110(7)To011111(M17)Zo112100(mM2T),
(3.4) zp(r) — Z1000000(7),

where m; = 1. We call this later embedding the C3-embedding of G2 x GSp3
into GE7.

3.2 LIFTING FROM GSps; TO G3. In this subsection, we assume that 7 is an
irreducible cuspidal automorphic representation of GSps(A) with trivial central
character. The integral of the following type gives rise to the lifting,
(3.5) Opey 1 ) = [ $(0)0er (1. 9)dg,

Z(A)-GSps (FY)\GSp3(4)
where ¢(g) is a cusp form in 7 and 6,.,(g) is an automorphic theta function
in the automorphic theta representation ©gg, of GE;(A), and Z is the center
of GSp3. We denote by @g"’E7 (m) the space of automorphic functions on G5(A)
generated by all the integrals in (3.5). The representation 7 is generic if

/ ¢ (ug)bu, (u)du # 0
Us (F)\Us(4A)

for some ¢ € m, where Us is the maximal unipotent subgroup of GSps and vy,
is the generic character defined by

Yus(u) = Yo(ry +r2 + 73)

where u = z190(r1)Zo10(r2)T001(r3)u’ € Us and v’ € [Us, U3], and 100, 010 and
001 indicate the three simple positive roots of GSp3 as in (3.1).
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THEOREM 3.1: If m is generic, then the space eng,(w) generated by all the
automorphic functions in (3.5) is a cuspidal representation of Ga(A).

Proof: 'We shall sketch the proof here since it is basically the same as that of
Theorem 3.2 in {GRS2]. We use the Cs-embedding of G3 x GSps in GE; as
described in (3.3) and (3.4) in §3.1. It will be enough to show that

[ tgwddu=0
U(FN\U(4)

for all choices of data and the unipotent radical U of all maximal parabolic
subgroups of G3. As usual, it suffices to reduce the problem to the non-similitude
case, i.e. to show

I= / / ¢(g)0e7(uvg)dgdu =0
U(F\U(A) v Sp3(F)\Sp3(A)

for all choices of data. Note that the restriction of the automorphic theta rep-
resentation Ogg, of GE7 to E; is the automorphic theta representation O, of
E7, i.e. Oge, (x) = O, (x) for x € Ex.

Since the center R = {Z2534321(r)} of the Heisenberg unipotent subgroup V()
of E7 is contained in the unipotent radical of any standard parabolic subgroup
of G, we first factor the constant term along the center:

I = 9e7 (x2234321(1') (u, g))d’rdgdu.

g
R(AU(F)\U(4) /Sps(F)\Sps(A) F\A
By applying the Fourier expansion (2.3), integral I becomes a sum of two
integrals:

L= f / $(9)07" (u, g)dgdu,
R(AYU(F)\U(A) J Sps(F)\Sp3(A)

R(AU(F\U(A) J Sps(F)\Sp3(A)
3 05 (h(e)7(v, 9))dgdv,

7EStubM(D6)(¢'V(1))\M(De)(F)
e€Fx

where h(c) = h(1,1,¢,1,1,1,1,1). We claim that both integrals I; and I, are
zero for all choices of data.

For integral I;, we use formula (2.5). Since Sps is a subgroup of SO(12) under
the Cz-embedding, it reduces to show

/ #(9)0s0(12)(9)dg = 0
Sp3(F)\Sps(4)
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for all choices of data. Using the fact that the automorphic theta representation
B50(12) is the image of the usual theta lifting of the trivial representation of
SL(2) (Formula (2.3) in [GRS2]), it is not hard to show that I; = 0.

To show that I, is zero we need to proceed as in the proof of Theorem 3.1 in
[GRS2]. We start with the decomposition

P(A5)\SO(12) = U P(As) -7
YEP(A;)\S0(12)
= U U Ps)ép
5EP(4s\SO(12)/ P(As) bETs\P(4s)

where Ts = 671P(A5)0 N P(A5). Then by using (2.4), more double-coset
decomposition and the character iy 1), we can show that I, is zero for all choices
of data. As we mentioned before we omit the details. [ |

If @gg(ﬂ # 0, then the generic cuspidal representation m of GSp3(A) is
lifted to some cuspidal representations of G2(A). To determine the nonvanishing
condition, we need the following model-comparison theorem.

Let Uz be the maximal unipotent subgroup of G3. Then any element of Us has
the form u = z,(ry)xs(ry)u’, where v’ € [Up, Us]. We define

Yu, (u) = Po(ra + 1),

which is a (generic) character of Uy(F)\U2(A). On the other hand, we take
the maximal parabolic subgroup P; = M3N; of GSp; with the Levi factor
GL(2) x GL(2) and the unipotent radical

I z «
Ny = {n(z,*) = I z*|}CGSps.
I

Define a character 15, on N2 by

'l/)Nz (n(xv *)) = "/)0(“'(:17))7

where ¢r(z) is the trace of z. The stabilizer of ¥y, in GL(2) x GL(2) is GLA(2),
the image of the diagonal embedding. Given ¢ € 7 we define

A,
(3.6) OLE W (g = / $(nmg)pn, (n)dndm.
Z(A)[GL(2)A N2J(F)\[GL(2)2 N2)(A)

This period integral played an important role in the study of the spin L-function
L(s,m, spin(7)) ([BG], [V]).
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THEOREM 3.2: For all choices of data, the following identity holds:

/ 0ge7 (u; ¢)"/’U2 (u)du
U2(F)\U2(4)

A, P
/ gOL n, (9)/9er7(”(W?onzmo(?‘)(l,g))%(’)deg,
[GL(2)A N:}(A)\GSps (A) A

where M= 'w[345243]m0111000(1)3:0011100(1).

Proof: The idea to prove this model-comparison identity comes from the explicit
computation in the proof of Theorem 3.1, which was omitted there. Following
the same computation as sketched for Theorem 3.1, one ends up with

/ 9951 (u; ¢)¢U2 (u)du
U2(F)\U2(4)

/Z(A)[GL(Z)A NoJ(F)\GSpa(A)

/ > 65 (h(€)nzori2100(8)(n(r1, 72), )bo(ry + r2)dridrady,
(F’\A)2 6€F;6€Fx

where n(ﬁﬂ"z) = 931000000(T1)$o111110(7"2)730011111(T2)$0112100(T2)-
From here one proceeds as follows. Since
w[345243] - (1122100) =(10()0000),

560111000(1)500011100(1)331000000(7"1) =$1122100(7‘1)y$0111000(1)550011100(1),

where y € GE7(A) with the property that
w[345243]yw[345243] € StabP(De)(A) (Yymy)-

Using (2.4) we may ignore this element. Hence by conjugating 1000000(r1) to
the left we obtain | F\A ¥((e — 1)ry)dr; as inner integration. We must have € =
1, otherwise the integral vanishes. Hence the integration over the variable 7
disappears.

Next, by conjugating zo111110(r2)Zo011111(r2) to the left and using (2.4), the
summation over § € F with integration over r, € F\A the above integral equals

LU
/ ¢(9)/99e‘§( " (uwo112100(r) (L, 9)o(r)drdg.
Z(8)[GL(2)A N2)(F)\GSps(A) A

Factoring integration over g through [GL(2)2 No)(F)\[GL(2)2N:](A) and using
(2.4) again, we obtain the model-comparison identity. ]
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THEOREM 3.3: If the representation w has the property that ¢GLA(2)'¢N2 (g) does
not vanish for some ¢ € w, then © has a nonzero lifting, i.e. 6 B, (m) #0.

Proof: By Theorem 3.2, we will prove a stronger result, that if ¢GLA(2)§¢N2 (9)
does not vanish for some ¢ € w, then

(37) 0967 (u; ¢)¢U2 (u)du 71: 0

/U2 (FN\U2(4)
for a certain choice of data. Assume that (3.7) vanishes for all choices of data.

Let Jg be the 6 x 6-matrix with O-entries except the antidiagonal ones, where
they are 1, and M = {m € Matsxe : Jm' + mJ = 0}. The group GSp; acts
on M by g-m = gmJg'J (the one induced from the adjoint action of the Levi
subgroup of P(As) of SO(12) on its unipotent radical). We define a character
¥m on M by ¥p(m) = o(msy). By the Csz-embedding, M can be embedded in
GE7 as {zq(r)} where a varies over the roots

(1122100), (1122110), (1122111), (1122210), (1122211),
(1122221), (1123210), (1123211), (1223210), (1123221),
(1223211), (1223221), (1123321), (1223321), (1224321).

Let ®(m) be a Schwartz function on M(A). From our vanishing assumption it
follows from Theorem 3.2 that

AL
/ / ¢GL(2) PN, (9)
M(A) J[GL(2)2 N2)(A)\GSp3 (4)

/9GE7 (1zo0112100(7) (1, g)m)tho(r) ®(m)drdgdm

vanishes for all choices of data. By conjugating m to the left and using (2.4) this
integral is equal to

A
[ "
[GL(2)2 N2\GSps](4)

‘/AHZ);E”(Mﬂf’ouzloo(r)(l,g))%(?‘)/ ®(g™1 - m)har(m)dmdrdg.

M(4)

Changing variables in m we obtain

/ GL(2)* ¢, (9)
[GL(2)AN](A\GSps (A

/9GE7 po112100(7) (1, )90 (r) @ (g)drdg,
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where

b(h) = / B(m)ia (b - m)dm.
M(A)

Since the stabilizer of 1 under the g-action in GSps is [GL(2) X GL(2)]° Nz,
where

[GL(2) x GL(2)]* = {(g1,92) € GL(2) x GL(2): det g1 = det go},

and since ®(g) is an arbitrary Schwartz function in [GL(2) x GL(2)]° N2\GSps,
the vanishing assumption implies that the integral

A,
-/[GL(2)A\[GL(2) GL(2)] }(A)/Ad)cL(z) v (g)og‘ﬁ;)(/“30112100(’")(1’9))‘/’0(T)drdg
X o

vanishes for all choices of data.

Now using the root (1010000) we may get rid of the integral over r. Using
the roots (1011000); (1111000); (1011100); (1111100) on which [GL(2) x GL(2)]°
acts as the tensor product, we derive that

GL(2)%; Py (1)
$CLET¥ms (e)g 55 ()

is zero for all choices of data. This contradicts our assumption. 1

3.3. LirTING FROM G5 TO GSps. The lifting from G2 to GSps has been
studied in [GRS2]. We establish here a model-comparison formula, which leads
to a proof of local unramified functoriality of this lifting in general. For tempered
representations, the local unramified functoriality of this lifting was verified in
[MS].

Let ¢ be an irreducible cuspidal automorphic representation of G3(A). We say
o is generic if

W) = [ p(uh)u, (w)du # 0
Uz (F)\Uz(4)

for some ¢ € o, where U, is the maximal unipotent subgroup of G and ¢y, is
the generic character defined in §3.2. Consider

(3.8) Byer (9 0) = / o(W)Bye (h, g)dh,
G2 (F)\G2(4)

where @(h) is a cusp form in ¢ and 6., () is an automorphic theta function in
the automorphic theta representation ©¢g, of GE7(A). We denote by @g%’; (o)
the space of automorphic functions on GSps(A) generated by all integrals in
(3.8).

The model-comparison identity in this case is
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THEOREM 3.4: Ifo is an irreducible generic cuspidal automorphic representation
of G(A), then the identity

(3.9) / Oger (ug, ©)bu, (w)du =
Us (F)\Us (4)

/ W, (h)

U2 (A\G2 (8)

' /3 9;”%‘” (vz1112110(7) (hs Zo10(Z1)Z110(22)9) Y0 (T + Z1)drdT1dT2dh
A

holds for all choices of data, where v = w[654234561]z0001110(1)Z1111110(1), ¥ €
o, and By, € OgE,-

Proof: The computation to obtain the model-comparison identity is the same
as that in Theorem 3.2. We just mention that we use here the Gy-embedding of
G2 x GSp3 in GE7 as described in (3.1) and (3.2) in §3.1. 1

Next we shall apply Theorem 3.4 to verify the local unramified Langlands
functoriality of this lifting. Note that as Theorem 6.2 in [GRS1] and Proposition
4.8.1 in [Gur], one has the local uniqueness of the 1y (-quasi-invariant functional
on the local component of Ggg,. This local uniqueness implies the eulerian
factorizability of the right hand side of (3.9). It is this observation that leads to
the proof of the local unramified Langlands functoriality of this lifting.

Let F be a local field from now on till the end of this subsection. From [GRS1]
it follows that the local component of the automorphic theta representation G¢g,

is a subrepresentation of I ndggﬁ)(dl—,%g) (in the image of the standard inter-
twinning operator). Given a function f in [ ndgféG)((SE?é;?), we consider the
functional defined by
(310) [:(.’L‘ . f) 2—_—/ f(w[7].’l}0000001(T)x)l/Jo(T‘)dT,

F

where z € GE,. Clearly it satisfies the same properties as the local analogy of
the ¥y (n-Fourier coefficient 033‘;(7) (z). From this it follows that the local integral

corresponding to the right hand side of (3.9) is given by

(3.11) W (h)
U2\G2

: /F‘3 L(vzini2110(re)(h, Tor0(2z1)x110(22)g) * f)Yo(r2 + x1)dradz daadh,

where W (h) is a local Whittaker function associated to the cuspidal automorphic
representation o of G2(A). Assume that the local component (we also use the
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notation o) of ¢ is unramified. Then it is a constituent of I ndg'; (x), where B,
is the Borel subgroup of G5 and

x(diag(ab,a,b,1,b, a7 ,a”1b71)) = x1(a)x2(b),

where x; are unramified characters of F* and diag(ab,a,b,1,b71,a7,a=1671)
is the image of the maximal split torus of G2 embedded into SO(7). Every
unramified representation of GSp;3 is a constituent of I ndgf”s(n), where Bj is
the Borel subgroup of GSp3 and

n(diag{ab, ac, ad, d~t¢ 1, b—l)) = v(a)m(b)n2(c)ns(d),

where v(a), n1(b), n2(c), n3(d) are unramified characters of F*. Given x as above
we define a character n{x) of Bs by setting v = 1, ;1 = x1, 72 = X2 and 73 =
x1Xx2- Let o be as above and let 7 be an unramified irreducible representation
contained in the image of the local theta correspondence @g%’; *(0). Then we
have

THEOREM 3.5: Assume that F is a p-adic field. With the notations as above, w
is the irreducible unramified constituent of I ndgfp *(n(x))-

Proof: We denote by p the local uniformizer of F. Let

te = diag(x1x2(p), x1(P), x2(0), 1, xz ' (0), X1 ' (0), X7 "x3 - (P))

be a representative of the semisimple conjugacy class in G2(C) associated to o,
embedded into SO(7,C). We define the local standard L-factor

L(a, St,s) = det(I; — ¢ °t,) " .
Let m be the irreducible unramified constituent in I ndgfp 3(n) and let

te =
diag(vmnans(p), vm (p), vn2(p), vns(p), 3 (), 3 * (), 11 (), 0y 'z 03 (p))

be a representative of the semisimple conjugacy class in GSpin(7,C) (the L-group
of GSps) associated to m embedded into GO(8,C). We define as in [BG] the local
spin L-factor

(3.12) L(m, Spin(7),s) = det(Is — ¢~ %t,) "%
To prove our result, it suffices to show that

L(w, Spin(7), s) = ((s)L(0, St, 5)
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where ((s) = (1 — ¢~*)~!. In order to do so, we use the following local integral
computation.
It follows from [G2] that

5=3 XQ—M
/F  Wolbla, D)lal'—*d*a = 22702,

where h(a,b) = diag(ab,a,b,1,b7,a=* a~1b71) is the maximal torus of G;. On
the other hand, for 7 we let W, be the unramified Whittaker function (normalized
so that Wy (e} = 1) on GSps. Then it follows from [BG] that

| Waldiag(y,y, 3, L, L 1)~ ?ﬂi{?’;z_)m_s)‘

Thus it is enough to prove that
(3.13) /F Wi (diag(y, v, 7,1,1, 1))ly|*~3d" = ¢(s) / W, (h(a, 1))la|"3d¥a
X F)(

if 7 is the local lifting of o under ©Ggr®.

Now take the integral in (3.11) to be Wy, (g) normalized so that W,(e) = 1
(assume that f is unramified in the local component of O¢g,). According to the
(G2-embedding as in (3.1) and (3.2), we have

diag(v,7,7, 1,1, 1) =h(v"1,9,7%,7%,9%,97, 7%, 7®) := t(v),
h(a,b) —h(1,1,ab,ab,a’h,ab,1,1,1) := t(a,b).

Applying the Iwasawa decomposition to the integral in (3.11), we obtain
W (h(ab, b)) /3 L{vz1112110(r2) (1, Zor0(z1)7110(72))¢ (7)t(a, b) - £)
F

. 1/10(7‘2 + xl)laebmrldrzdzld:cgd" (a, b)
Let w’ = w[7]wp where wy = w[654234561]. Since

w't(yt(a,b)[w] ™ = h(y7,...,7%ab?),

(=2

and
p(éiz(h(ts’tl, at7)) - ’t4t61
we get a factor [y2ab®|. We also get a factor |ya~'b=2%| from the change of

variables in the additive variables. Finally, we conjugate Zogo0001(r1) to the right
and obtain

/Wa(h(ab, b)) f(w'n(b,ab,r1,72,73,74))

~Yolya b7 + b7 ey + r3)|y3a=3b7%d(.. )
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where

n(a,b,c,d,e, f) =

$0001110(‘1)561111110(b)$1112221(C)SE1112110(d)$0101110(6)$1112210(f)~

From the properties of W, we have |a|, |b| < 1. Hence we may conjugate to the
right Zoo01110(8)Z1111110(0@b) and since f is unramified it is right invariant under
these elements. Similarly we may conjugate to the right w{34561] and obtain

/ W, (h(ab, b)) (w[76542]n(ry, 12, 73, 74))
lal Jbl<1
po(ya~ 07y + b7 g + r3)|[¥3a370d(. )

where n(?“lﬂ"z, Ts,T4) = $0101111(7‘1)330101100(7’2)560100000(T3)$0101110(7”4)- We
conjugate in f the element z_qgp1100(t) with {t| < 1 from right to left. Changing
variables in r3, we obtain that the integral is zero in the domain |re| > 1. Hence
we get f,m <1 tpo(b~1ry)dry as inner integration and hence |b~!| < 1. From this
and |b| < 1 we get || = 1. Thus the integral equals

s W, (h(a, 1)) f(w(76542]n(r1, 73, 74))%0 (a1 + 73)|ya™ ' Pd(. . )

where n{r1,73,71) = Zo101111(71)Z0100000(73)T0101110{r4). In the same way, by
using x_goo1110(t) with |¢| < 1 and then by z_ggo1111(t), we may restrict the
integration domain to |r;| < 1 and |ry] < 1. Hence |ya™!| < 1. Hence the
integral equals the product

| fulrosezlonmora)botraddra - [, ., Wolha,1)haPd%a
fel<T
The first factor is £L(z - f) at & = 1, which is 1. What is left to us is the identity
Weldiag(r, 1,714 0) = [ Walh(@Dha e
jvl<lai<1

Integrating both sides over v € F* against |y|°~2 we obtain (3.13). We are
done. |

3.4. MaIN ResuLt. We shall formulate our main result as follows.

THEOREM 3.6 (Main): Let @ be an irreducible generic cuspidal automorphic
representation of GSps(A) with trivial central character. Then the following
three statements are equivalent:
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(1) = c @g%’; 3 (o) for some irreducible generic cuspidal automorphic represen-
tation o of Ga(A).

(2) The partial spin L-function L5(m, Spin(7),s) (see (3.12) or [BG] for a
definition) has a simple pole at s = 1.

(3) The period ¢CL° @32 (g) is nonzero for some ¢ € .

Proof: That (2) implies (3) was proved in [V]. To show that (3) implies (1),
we first let o = @giﬂ? (w). It follows from Theorems 3.1, 3.2 and 3.3 that o is a
nonzero generic cuspidal automorphic representation of Go(A). It is clear that
T C Gg%’; ®(o), which implies (1) by the cuspidality of both m and o. Finally, if

(1) holds for 7, then by Theorem 3.5 we have
L3 (m, Spin(7), s) = (*(s)L°(0, St, 5),

where (5(s) is the partial global zeta function and L%(o,St,s) is the partial
standard L-function of Gy [G2]. Hence L°(w, Spin(7),s) has at least a simple
pole at s = 1. From [BG] and [V], L%(w, Spin(7), 8) can have at most a simple
pole at s = 1. |

3.5. AN ANALOGY FOR THE LIFTING FROM PGL(3) TO Gs. An analogy
for the lifting from PGL(3) to Gy will be stated below, the proof of which is
similar and will be omitted here. This is an endoscopy lifting. The dual pair
correspondence for PGL(3) x Gy C PEg was studied in [GRS2]. We have

THEOREM 3.7: Let o be an irreducible generic cuspidal automorphic represen-
tation of G2(A). Then the following three statements are equivalent:
(1) o C @}Gﬁ% (w) for some cuspidal representation m of PGL(3, A).
(2) The partial standard L function L(a, St, s) (see [G2] for a definition) has a
simple pole at s = 1.
(3) The period ¢St ¥z (h) is nonzero for a certain choice of the data, where

¢SL(2);¢z(h) - /

/ ¢(z(r1,72,73)gh)Yz(r1)dzdg,
SLEFN\SL(2,8) J (F\A)3

and Z = {2(r1,72,73) = Z2a+5("1)T30+5(T2)T3a426(73)} is the abelian uni-
potent subgroup of Gy generated by the roots 2a + b, 3a + b, and 3a + 2b.
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4. D4-Periods

In this section we shall show the existence of Spin(8)-distinguished residual repre-
sentations of Fy in terms of the period condition on the cuspidal data. Following
[Jng] and [Jngl], those periods are closely related to the existence of the pole of
the Spin(7) L-function. Our period on the cuspidal data turns out to be the split
version of the one studied in [GS].

4.1. ALGEBRAIC STRUCTURE OF Fy. Let {a1,as, a3, a4} be the four simple
roots of G = Fy with oy, a3 long and a3, a4 short. For each simple root «;,
i=1,2,3,4, Xa,(x) denotes the one-parameter additive subgroup of G associated
to the simple root ;. Then SL(2) is isomorphic to the subgroup generated by

(t) t91 is denoted by hq, (t). The max-
imal torus T of G is four-dimensional and is generated by hq, (t) for i = 1,2,3,4.
Let B = TU be the Borel subgroup determined by this choice of the simple roots.
The Weyl group W = W(G, T) is generated by the simple reflections w; = wgq,
for i = 1,2,3,4. We will use as in §2 or [B] the notations

Xo,(z) and x_q,(z) and the image of (

wligk---1] := wywjwg - - wy, 15kl := iy + jo + kag + lay.

We are going to describe the explicit embedding of the group Spin(9) into
Fy. Let B1, B2, B3, and B4 be the simple roots of Spin(9) with B4 the short
simple root. To describe the embedding, we identify the four simple roots 5;,
i=1,2,3,4, with four roots in ¥y as follows:

B1 = 0122, B = 1000, B3 = 0100, B, = 0010.

Then the positive roots of Spin(9) are written in terms of those of Fy as follows:

1000 0100 0010 0110 1100 0120 1120 1220
1110 0122 1122 1222 1232 1242 1342 2342.

By combining the usual way to embed the group Spin(8) into Spin(9), we identify
the four simple roots 71, 72, v3, and «y4 of Spin(8) with those of Fy as follows:

~1 = 0100, v = 1000, y3 = 0120, 4 = 0122.
In this way, we see the set of positive roots of Spin(8) in Fy below:
1000, 0100, 1100, 0120, 1120, 1220, 0122, 1122, 1222, 1242, 1342, 2342.

Let P = MN be the standard maximal parabolic subgroup of G associated to
the subset of simple roots {as, a3, 04}. One knows that M is GSp; and N is the
Heisenberg group of dimension 15.
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LEMMA 4.1: The generalized flag variety P\Fy decomposes into two Spin(9)-
orbits with representatives e (the identity) and v := w{1234]x0011(1). The stabi-
lizer of e is the maximal parabolic subgroup of Spin(9) with its Levi subgroup
GL(2) x Spin(5) and the stabilizer of v is GSpy -V inside the maximal parabolic
subgroup of Spin(9) with its Levi subgroup GL(4), where GSpz C GL(4) and V
is the unipotent radical of the maximal parabolic subgroup.

PROPOSITION 4.1: The Spin(8)-orbits on the generalized flag variety P\Fy are

Fy=P-e-Spin(8)U P - w[123]x0010(1) - Spin(8)
U P - w[1234]x0011(1) - Spin(8) U P - w[1234]x0011(1)w([3] - Spin(8)
UP- w[1234])(0011(1)11)[3])(0010(1) . Spm(8)

4.2. A RESIDUAL REPRESENTATION OF Fy. Let F be a number field and A the
ring of adeles of F'. Let 7 be an irreducible cuspidal automorphic representation
of GSp3(A) with trivial central character. We may in addition assume that the
representation 7 is left A*-invariant, where the subgroup A% is defined in the
following decomposition:

GSps(A) =U(A) -T(A)' - A* - K,

where Bjys := UT is the standard Borel subgroup of M = GSps and Ky is the
maximal compact subgroup of GSp3(A).
Let G := Fy be the split group of type Fy and K = [[, K, be the maximal
compact subgroup of G(A) so that G(A) = P(A)K is the Iwasawa decomposition.
Let A be the (split) center of M. The unique reduced root in R* (P, A) can be
identified with the simple root a;. As usual, we denote

(41) ay = <pp, al)—lpp7

where p, is half of the sum of all positive roots in N and (, ) is the usual
Killing~Cartan form for the root system. We let

(4.2) a, = Homg(X(M),R), a} =X(M)®R

Since P is maximal, a;, is of dimension one. We identify C with a _ via s — s;.
Let H,: M — a, be the map defined as follows. For any x € a%,,

(4.3) H,(m)(x) = [ ] Ix(ma)lo
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for m € M(A). This map H, can be extended as a function over G(A) via the
Iwasawa decomposition. By direct computation, we know that

(4.4) H,(m)(s) = |detm|*/® H,(m)(p,) = | detm|*/°.

Let ¢(g) be a complex-valued smooth function on G(A) which is left
N(A)M(F)-invariant and right K-finite. For

g =pk =nmlak € N(AM'ATK,
we assume that

(4.5) $(g) = p(m'k).

If we fix a k € K, the map
m! = ¢(m'k)

defines a K N M!-finite vector in the space of cusp form 7 of M(A). We set

F(g; ®, 3) =H, (g)(s + pP)¢(g)'

Attached to such a function F(g; ¢, ), we define an Eisenstein series

(4.6) E(g;¢,5):= > F(v9;¢,5).

YEP\G

From the general theory of Eisenstein series [MW], this Eisenstein series converges
absolutely for the real part Re(s) > % and has a meromorphic continuation to
the whole s-plane with finitely many possible simple poles for Re(s) > 0.

Suppose that at s = sp (0 < sp < 3) the Eisenstein series E(g; ¢, s) has a pole.
Let Es,(g, ¢) be the residue of E(g; ¢, s) at s = sp. We shall compute the period
of the residue E,,(g,¢) over the spherical subgroup H = Spin(8) by Arthur’s
truncation method.

4.3. TRUNCATED FOrRMULA. We shall use Arthur’s truncation formula for
Eisenstein series [A] to define the Spin(8)-period

/ E,y(h, 6)dh.
H(F)\H(A)

The formulation and notations follow from §4 in [Jng]. Hence we have

(47) / E,y (h, &)dh = res,—sg[T1 — Io] + I,
H(F)\H(A)
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where, for j = 1,2, 3,

(4.8) I; = / 0;(h)dh,
H(F)\H(A)
and
61(9) == D Fl(vg,$,5)(1 - (H(79)));
YEP\G
02(g) == Y F(vg; M(s)(¢), —5)e(H(v9));
YEP\G
b3(9) = Y Flyg; Muy(9), —50)7e(H (79)).
YEP\G

From Proposition 4.1, the stabilizer PNH of the closed orbit PeH is a parabolic
subgroup in H. We set
PNH:=P,=MyNs.

The parabolic subgroup P» of H is the one whose Levi subgroup Ms is generated
by three simple roots vy, 3, v4 of H.

PROPOSITION 4.2: The integrals I;, for j = 1,2,3, defined in (4.8), absolutely
converge and satisfy the following relations,

g—1

C 3

I =

/ (mk)dmldk
s~ 1 Jim(P\MiIxK

and I3 = resg—q,I>.
This Proposition will be proved in subsection 4.4. By formula (4.7), we have

THEOREM 4.1: Let sg be a real number with 0 < sg < %. If s # 1, the residual

representation E, (g, ¢) of the Eisenstein series E(g; ¢,s) at s = s¢ is not H-

distinguished if it exists. If s = 1, the residual representation E1(g,$) of the

FEisenstein series E(g; ¢, s) at s = 1 is nonzero and H-distinguished if and only if
the integral

/ ¢(mrk)dm'dk

[Ma(F)\M3]x K,

does not vanish. Moreover, we have

/ Ei(h,¢)dh = ¢(mk)dm'dk.
H(F)\H(4) [Mz(F)\M}IxXK

Proof: The case of sp # 1 follows directly from Proposition 4.1 and formula
(4.7). We shall only consider the case of sy = 1.
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In this case, by formula (4.7) again, the residual representation Fy(g, ¢) is H-
distinguished if and only if the residue at s = 1 of the integral I; does not vanish,
which is equivalent to that the integral

/ (m k) dm dk
[M2(F)\MJ]xK

does not vanish. Finally, the identity is clear. |

THEOREM 4.2: The residue at s = 1 of E(g;¢,s) on Fy is nonzero and H =
Spin(8)-distinguished if and only if the irreducible cuspidal representation T (the
cuspidal data) of M = GSp3 is H' = [GL(2)®)°-distinguished.

Proof: First of all, we notice that the image of the embedding of M; in M =
GSp3 is

[GL(2)’)° = {(g1, 92, 93) € GL(2)*: det g1 = det g5 = det g3}.

The inner integral

/ g(m*)dm? = / $(g")dg*
M, (F)\M! [GL(2)3(F)\[GL(2)3]
_ vol(Al/FX)

Zu(BD)[GL2PNFNGL(2)%]°(4)

It is easy to see that if the residue at s = 1 of E(g; ¢, s) on Fy is H = Spin(8)-
distinguished, i.e.

/ Ex(h, $)dh # 0

H(F)\H(&)

for some smooth function ¢ on G(A) as defined in (4.7), then for the given smooth
function ¢, the inner period

/ #la)dg #0.
Zy (W)[GL(2PHFN\GL(2)%1°(4)
Since m ~ ¢(m) is a cusp form in 7, this integral is well defined. Hence the
irreducible cuspidal representation 7 is H’-distinguished.

To prove the other direction of the implication, we need the argument used in
the proof for Theorem 3.2 in [GJR].

For an irreducible cuspidal automorphic representation 7, one can have a
smooth function ¢ on G(A) as defined in (4.5) and also one can define a smooth
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function ® on K (the maximal compact subgroup in G(A)) with values in the
space of 7, satisfying condition

O(pk) = 7(m)®(k)

when p =nm € P(A) N K.
If 7 is H'-distinguished, then there is a smooth function ¢ as in (4.5) such that

the integral
P@) = [ gmi)dm!
Mz (F)\M;

does not vanish. Note that this integral defines a continuous functional over the
space of smooth functions as defined in (4.5). It is easy to see by restriction to
K that there is a nonzero smooth function ® as defined above such that

1(®) = /K P(@(k))dk = /K /WF)\le S(mk)dmldk.

The point here is to show that I(®) is a nonzero functional, which means that
the nonzero functional over M(A) extends to a nonzero functional over G(A).
Assume that there is a factorizable function ¢, € 7 such that

P(¢-) # 0.

Write ¢, = ¢s ® ¢°, where ¢° is the infinite tensor product of all unramified
local components of ¢, and ¢g is the finite tensor product of all archimedean or
ramified local components of ¢,. Since the functional P is continuous, there are
continuous functions Ps and P° over the spaces of smooth vectors in 75 and 75,
respectively, such that

P(¢:) = Ps(¢s) - P (¢°).

Now since ¢° is unramified, one can naturally take
% (k%) = ¢°
for all k° € K% :=[], 45 Ko Then we have
P3(2° (k%)) = P9 (4°).
Since S is finite, one may assume that

PS((I)S) = H Pv(q)v)'
vES
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By the admissibility of the local components of 7, it follows from the standard
argument used in [JR] and [Jng] that there is a smooth function ®g such that

Is(®s) = . Ps(®s(ks))dks #0

where Kg := [],cg Ko Finally, we take & = &5 ® ®% such that
I(2) = Is(®s) - I°(2°) # 0.
We are done. |

From the proof, we obtain the following consequence, which is important for
further applications of such periods [GP] and [GK].

COROLLARY 4.1: Let 7 be an irreducible cuspidal automorphic representation of
GSps(A) with trivial central character. If 7 is H'-distinguished, then for almost
all unramified local components 7,, there is an H)-invariant functional which
takes nonzero value at unramified vectors in 7.

Remark 4.1: In general, for a given separable cubic commutative algebra E over
F, there is an algebraic group DY of Dy-type in the split exceptional group Fj.
Our set-up for the comparison of the ‘outer’ DF-period on Fy with the ‘inner’
Rg/p(A1)-period on GSp3(A) still makes sense. The relation of such periods to
the spin L-functions can be expected following the argument in [Jngl]. The local
version of such inner periods has been studied by B. Gross and G. Savin to find
a motive with Galois group G2 [GS].

4.4. ExpriciT COMPUTATION OF INTEGRALS. We shall compute integrals of

the type
I= / 0(h)dh,
H(F)\H(A)

with the assumption of its convergence, where

6(9)= Y Flrg)

YEP\G

for suitable left P(F)-invariant functions F' on G(A). In particular, we con-
sider 8(g) = 6i(g), 1 = 1,2,3, respectively. The computation yields a proof of
Proposition 4.2. The verification of the convergence of integrals involved in the
computation should be carried out as in §7 in [Jng] and will be omitted here.
From now on we assume all integrals involved here are convergent.
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First of all, by Lemma 4.1, we have

I= / F(vh)dh
2 HY(F)\H(A)

YEP\P-Spin(9)/H

- ¥

~YEP\PuSpin(9)/H
(4.9) =J; + Ja,

/ F(yh)dh
HY(F)\H(A)

where g = w(1234)x0012(1)-
Since P N Spin(9) = Pgr(2)xspin(s): the parabolic subgroup of Spin(9) with
the Levi subgroup GL(2) x Spin(5), integral J; can be expressed as

Ji = >

YEPGL(2) xSpin(5)\SPIN(9)/H

/ F(yh)dh.
HY(F)\H(A)

By Proposition 2.1, we have
Pgr(2)xspin(5) \SPin(9)/H = [Par(2)x spin(5)¢H] U [PaL(2)x spin(s)0 H),
where 6 = w(123)x0010(1), and
6 Par(2)xspin(syd N H = (GLy x Spin(5)) - Vi 3,

where (GL; x Spin(6)) - V1,3 is a maximal parabolic subgroup of H = Spin(8)

and Spin(5) is naturally embedded into Spin(6). From this, we deduce that

J1 =/ F(h)dh = F(bh)dh.
[Per(2)x spinsNHI(F)\H(A) [(GL(1)x Spin(5))-V1,s[(F)\H(A)

We claim that the second integral is zero. In fact, since d - Spin(5) - 6! = Sp,,

which is a subgroup of Sps, and also 6 - x1242(z) - 7! = x0122(7), the integral

/ F(5h)dh
[(GL(1)x Spin(5))-Vi s](F)\H(A)

has an inner integral of type

/ / F(yzdh)dzdy.
Sp2(F)\Sp2(8) J F\A

By the definition of F(g), for a fixed h, the function F(méh) is a cusp form in
m over the Levi subgroup GSp3. Then the inner integral can be viewed as

1 0 =z
(410) / / s(l0 v 0))dedy
Sp2(FY\Sp2(A) J FA\A 0 0 1

for a cusp form ¢ over GSps.
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LEmMMA 4.2: For any irreducible cuspidal automorphic representation T
of GSp3(A) and any cusp form ¢, € 7, the period defined by (4.10) always
vanishes.

Proof: We expand along the Heisenberg unipotent radical modulo its center.
The Sp(2) acts on the group by two orbits. It can be checked that in each orbit
we obtain as a stabilizer a unipotent radical of Sp(3). By cuspidality of 7 the
lemma, follows. ]

By Lemma 4.2, we have the following:

(4.11) F(h)dh.

e |
[Par(2)x spin(syNHI(F\H(A)

Next we are going to show that integral J, is zero. Recall that

Jp =
~YEP\PuSpin(9)/H

/ F(yh)dh
HY(F)\H(4)

where p = w(1234)x0011(1)- It is not difficult to check that
p~ Pun Spin(9) = GSp(4) - Vo u

where GSp2 C GL(4) and Vj 4 is the unipotent radical of the standard maximal
parabolic subgroup of Spin(9) with GL(4) Levi subgroup. To compute integral
J2, one needs the decomposition of GSps - Vo 4\Spin(9)/H. By direct computa-
tion, one knows that the space GSp(4) - Vo 4\Spin(9)/H decomposes into three
different double cosets with representatives

e, w(3), w(3)X0010(1)a

respectively. For representative e, the integral is

L= / F(uh)dh
[GSp2-Vs,4J(F)\H(4)

where Vg 4 = Vo 4N H. Since " x1242(%) 8 = x0122(2), the above integral has an
inner integral of the following type:

1 0 «
(4.12) / / &(1 0 y 0 |)Y(z)dedy.
Sp2(F)\Sp2(8) y F\A 0 01
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LEMMA 4.3: For any irreducible cuspidal automorphic representation T
of GSp3(A) and any cusp form ¢, € 7, the period defined by (4.12) always
vanishes.

Proof: Using [I], the integral in (4.12) is zero for all choices of data if and only
if the integral

£ (ug)8(ug)8(g)dudg
[Spa N (F\[Sp2 N1 )(A)

is zero for all choices of data, where SpsN; is a Jacobi group with

1 v =z
N1={ 0 I4 u* }
0 0 1

and y € Sp; is embedded as y in (4.12), and 6(g) is the usual theta function
on the double cover of SpoN;. Replacing 5(g) by the Siegel Eisenstein series
and unwinding the integral for Re(s) large, we know that the integral is zero for
all choices of data. Since A(g) is the residue of the Siegel Eisenstein series, this
implies that the above integral is zero for all choices of data. i

By Lemma 4.3, integral I. vanishes. For representative w(3), one has the
similar stabilizer since the Weyl group element w(3) takes the parabolic to its
associated one. Therefore the integral attached to w(3),

/ F(pw(3)h)dh,
[GSpa-Vi 4]w 3 (F\H(A)

also vanishes.

Finally, we are going to consider the open orbit case which is represented by
w{3)xo0010(1). The integral is

/ F(M’U)(3)X0010(1)h)dh.
(GSp2-Vs,4]¥ B x0010 (V) (F)\H (4)

One can see that [GSpy - Vg 4]¥©3)x0010(1) = GL(2)-V?, where GL(2) is embedded
into H = Spin(R) as
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which is generated by the simple root 1000 in Fy, where |g| = det g, and V? is a
9-dimensional unipotent subgroup of H of following type:

r y 2z 1ry ry r3 0
1 0 y r4 5 0
1 —x r¢ 0 =

On the other hand, we have

pw(3)xoo010(1) =w(12343)x0010(1)x0011(1)
=w(41234)x0010(1)x0011(1)
=’LU(4)X0001(1)11)(1234))(0011(1).

Since w(4)xo0001(1) € P(F), the integral reduces to

/ F(w(1234)x0011 (1) R)dh.
[GL(2)-VO(F)\H(A)

By factorizing through the subgroup GL(2) - V?, we get an inner integral of the
following type:

(4.13 /
GL(2)(F\GL(2)(A)

1000 0 ry
1 2y 2z 0 g |g|
: / o 10y 0 0 )dgd(- ).
F\A 1 -z 0 1
1 0 .
1

ASSUMPTION 4.1: We claim that the integral defined in (4.13) must be zero as
long as the residue E1(h, ¢.) is not zero. In fact, after a certain Fourier expansion,
the integral in (4.13) equals the period integral defined in Theorem 2.1 in [GRS3].
Then Theorem 2.1 in [GRS3] implies that if the integral defined in (4.13) does
not vanish for a certain choice of data, then the partial standard L-function
L5(s, 1, St) has a simple pole at s = 1. By the recent work [BFG], this implies
that the partial spin L-function L(s, T, Spin(7)) is holomorphic at s = 1. Assume
now that the complete spin L-function defined by the Rankin-Selberg method in
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[BG] is the same as the one defined by the Langlands-Shahidi method in [Sh].
Then, by the conjecture of the normalization of local intertwining operators by a
product of relevant L-functions, one should obtain that E,(h, ¢.) is zero. In this
paper, we assume that the integral in (4.13) vanishes for all given data.

By taking 6(g9) = 8;(g), j = 1,2, 3, respectively, we obtain, by assuming the

convergence of all integrals, that

L= / F(h, 6, 5)(1 - ro(H(h)))dh,
[Par(2)x spins)NHI(F)\H(A)

b=/ F(h, M(3)($), — s)7e(H(R))dh,
[PaL(2)x spin(s)NH](F)\H(A)

I3 = / F(h,M,,(¢) — so)7c(H(h))dh.
[PerLi2)x spin(s)NHIF)\H(A)

Following the decomposition of G(4),
G(A) = N(AMM'A*K,
we have a similar decomposition for H(A) with respect to the parabolic subgroup

Pgr(2)xspin(s) " H = P;. Then we have

L= / d(m'k)dmdk H(a)*+45/3(1 — 7,(H(a)))da*.
K x[Ma(F)\M}] A+

Since we have

1/3

4-5 ¢ C(B—l)/.’}
H@W+-Wu—nwmeX=/ 124t = ,
A+ 0 s—1
we obtain
o(s-1)/3
(4.14) I = - / H(mik)dm dk.
$ =1 JKux(Ma(F)\M}]

By the same calculation, we obtain

—s—1

L="". / M(s)(d)(mk)dmidk  (Re(s) > —1),
$+1 JruxMa(F)\M})
c—s%—l

Iy = . / M, (#)(m'k)dm dk.
so+ 1 Jrux(pm )

This proves Proposition 4.2. 1
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